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Abstract
The compactified Jacobian of any projective curve X is defined as
the Simpson moduli space of torsion free rank one degree d sheaves
that are semistable with respect to a fixed polarization H on X. In
this paper we give explicitly the structure of this compactified Simp-
son Jacobian in the case where X is a generalized tree-like curve, i.e.,
a projective, reduced and connected curve such that the intersection
points of its irreducible components are disconnecting ordinary double
points. We prove that it is isomorphic to the product of the compact-
ified Jacobians of a certain degree di of its components Ci, where
the degrees di depend on d, H and on the particular structure of the
curve. We find also necessary and sufficient conditions for the exis-
tence of stable points which allow us to study the variation of these
Simpson Jacobians as the polarization H changes.
1 Introduction
The problem of compactifying the generalized Jacobian of a singular curve
has been studied since Igusa’s work [I] around 1950. He constructed a com-
pactification of the Jacobian of a nodal and irreducible curve X as the limit
of the Jacobians of smooth curves approaching X . Igusa also showed that his
compactification does not depend on the considered family of smooth curves.
An intrinsic characterization of the boundary points of the Igusa’s compact-
ification as the torsion free, rank 1 sheaves which are not line bundles is due
to Mumford and Mayer. The complete construction for a family of integral
curves over a noetherian Hensel local ring with residue field separably closed
was carried out by D’Souza [D’So]. One year later, Altman and Kleiman
[AK] gave the construction for a general family of integral curves.
When the curve X is reducible and nodal, Oda and Seshadri [OS] pro-
duced a family of compactified Jacobians Jacφ parameterized by an element
φ of a real vector space. Seshadri dealt in [Ses] with the general case of a
reduced curve considering sheaves of higher rank as well.
In 1994, Caporaso showed [C] how to compactify the relative Jacobian
over the moduli of stable curves and described the boundary points of the
compactified Jacobian of a stable curve X as invertible sheaves on certain
Deligne-Mumford semistable curves that have X as a stable model. Re-
cently, Pandharipande [P] has given another construction with the boundary
points now representing torsion free, rank 1 sheaves and he showed that the
Caporaso’s compactification was equivalent to his.
On the other hand, Esteves [E] constructed a compactification of the
relative Jacobian of a family of geometrically reduced and connected curves
and compared it with Seshadri’s construction [Ses] using theta funtions and
Alexeev [A] gave a description of the Jacobian of certain singular curves in
terms of the orientations on complete subgraphs of the dual graph of the
curve.
Simpson’s work [S] on the moduli of pure coherent sheaves on projective
spaces allows us to define in a natural way the Jacobian of any projective
curve X as the space Jacd(X)s of equivalence classes of stable invertible
sheaves with degree d. This is precisely the definition we adopt and we
also denote by Jac
d
(X) the space of equivalence classes of semistable, pure
dimension 1, rank 1 sheaves with degree d.
In some recent papers about the moduli spaces of stable vector bundles on
elliptic fibrations, for instance [HM], the Jacobian in the sense of Simpson of
spectral curves appears. Beauville [B] uses it as well in counting the number
of rational curves on K3 surfaces. This suggests the necessity to determine
the structure of these Simpson Jacobians.
The aim of this work is to describe the Simpson Jacobian of a general-
ized tree-like curve, that is, a projective, reduced and connected curve such
that the intersection points of its irreducible components are disconnecting
ordinary double points.
Let H be the fixed polarization on X . Let C1, . . . , CN denote the irre-
ducible components of X and let P1, . . . , PN−1 be the intersection points of
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C1, . . . , CN . The first result we use is a lemma of Teixidor [T] that allows
to order Ci and to find subcurves Xi of X that are also generalized tree-like
curves and intersect its complement in X at just one point Pi. Then, we
write kXi =
hXi(b+1)
h
for i = 1, . . . , N − 1, where h is the degree of H , hXi is
the degree of the induced polarization on Xi and b is the residue class of d
minus the arithmetic genus of X modulo h.
The theorem that gives the description of the schemes Jacd(X)s and
Jac
d
(X) is the following:
Theorem 3.1. Let X = C1 ∪ . . . ∪ CN , N ≥ 2, be a generalized tree-
like curve with a polarization H. If kXi is not integer for i ≤ N − 1, then
Jacd(X)s is equal to
∏N
i=1 Pic
dXi (Ci) and
Jacd(X)s ⊆ Jac
d
(X)s = Jac
d
(X) ≃
N∏
i=1
Jac
dXi (Ci)
where dXi are integer numbers inductively constructed.
If kXi is integer for some i ≤ N − 1, then Jac
d(X)s and Jac
d
(X)s are
empty and
Jac
d
(X) ≃
N∏
i=1
Jac
di
(Ci)
where di are integer numbers recursively constructed with an algorithm.
As we will see, these integer numbers, di and d
X
i , depend only on the
degree of H and on the fixed ordering of the irreducible components of X .
The first we prove is that a pure dimension 1 sheaf of rank 1 and degree d
on X that is locally free at Pi, i = 1, . . . , N−1, is stable if and only if kXi /∈ Z
for i = 1, . . . , N − 1 and F is obtained by gluing torsion free rank 1 sheaves
on Ci whose degrees are precisely the integers d
X
i (see lemmas 3.1 and 3.2 if
F is a line bundle, otherwise the proof is the same). By the contrary, if F
is not locally free at some intersection point Pi, the sheaf cannot be stable.
Finally, we prove that strictly semistable torsion free rank 1 sheaves exist
only when kXi ∈ Z for some i = 1, . . . , N − 1 and in this case we construct a
Jordan-Ho¨lder filtration for it to conclude that its S-equivalence class belongs
to
∏N
i=1 Jac
di
(Ci).
It is important to note that, although Jac
d
(Ci) ≃ Jac
d′
(Ci) for any inte-
gers d and d′, because Ci is an integral curve, to obtain a point in Jac
d
(X) it
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is necessary to consider sheaves on Ci of degrees exactly the integer numbers
di
Theorem 3.1 allows also to describe a wall-crossing structure for these
Simpson Jacobians, in other words, to analyze the variation of the moduli
spaces Jacd(X)s as the polarization changes. The variation of the polarization
is studied by considering the variation of the numbers kXi, (i = 1, . . . , N−1).
The space of possible values of such numbers contains a finite number of walls,
the hyperplanes kXi = a where a is an integer number 1 ≤ a ≤ hXi . The
complement of the walls has a finite number of connected components each
of them called a chamber. Therefore, Theorem 3.1 means that in the interior
of a given chamber the Jacobian Jacd(X)s is not empty and independent of
the choice of numbers kXi . When the numbers kXi lie in a wall, the theorem
shows that the Simpson Jacobian of X becomes empty. Finally, if we choose
two families of numbers kXi lying in the interior of two different chambers,
then the structure of the corresponding Simpson Jacobians is the same but
the degrees dXi of the induced line bundles on every component Ci change
according to (1).
If α is a real number, we use [α] to denote the greatest integer less than
or equal to α.
2 Preliminaries
Let X be a projective, reduced and connected curve over an algebraically
closed field κ. Let C1, . . . , CN denote the irreducible components of X . Let
L be an ample invertible sheaf on X , let H be the associated polarization
and let h be the degree of H .
Let F be a coherent sheaf on X . We say that F is pure of dimension
one or torsion free if for all nonzero subsheaves F ′ →֒ F the dimension of
Supp(F ′) is 1. The rank and the degree (with respect to H) of F are the
rational numbers rH(F ) and dH(F ) determined by the Hilbert polynomial
P (F, n,H) = χ(F ⊗OX(nH)) = h rH(F )n+ dH(F ) + rH(F )χ(OX).
The slope of F is defined by
µH(F ) =
dH(F )
rH(F )
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The sheaf F is stable (resp. semistable) with respect to H if F is pure of
dimension one and for any proper subsheaf F ′ →֒ F one has
µH(F
′) < µH(F ) (resp. ≤)
In [S] Simpson defined the rank as the integer number h rH(F ) and the
slope as the quotient
dH(F ) + rH(F )χ(OX)
h rH(F )
Stability and semistability considered in terms of Simpson’s slope and in
terms of µH are equivalent. We adopt these definitions of rank and degree of
F because they coincide with the classical ones when the curve is integral.
Notation: We shall use the following notation. For every proper subcurve
D of X , we will denote by FD the restriction of F to D modulo torsion, that
is, FD = (F ⊗OD)/torsion, πD will be the surjective morphism F → FD and
FD = ker πD. We shall denote by hD the degree of the induced polarization
HD on D. If d = dH(F ) then we shall write dD = dHD(FD).
We first recall some general properties we will use later.
Lemma 2.1. Let F be a pure dimension one sheaf on X supported on a
subcurve D of X. Then F is stable (resp. semistable) with respect to HD if
and only if F is stable (resp. semistable) with respect to H.
Proof. It follows from the equality
P (F, n,H) = χ(i∗F ⊗OX(nH)) = χ(F ⊗OD(nHD)) = P (F, n,HD)
where i : D →֒ X is the inclusion map.
Lemma 2.2. A torsion free rank 1 sheaf F on X is stable (resp. semistable)
if and only if µH(F
D) < µH(F ) (resp. ≤) for every proper subcurve D of X.
Proof. Given a subsheaf G of F such that Supp(G) = D ⊂ X , let us consider
the complementary subcurve D of D in X , i.e. the closure of X −D. Since
FD is torsion free, we have G ⊂ F
D with rH(G) = rH(F
D) so that µH(G) ≤
µH(F
D) and the result follows.
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Let P1, . . . , Pk denote the intersection points of C1, . . . , CN . It is known
(see [Ses]) that for every pure dimension one sheaf F on X there is an exact
sequence
0→ F → FC1 ⊕ . . .⊕ FCN → T → 0
where T is a torsion sheaf whose support is precisely the set of those points
Pi, i = 1, . . . , k, where F is locally free. From this exact sequence, we get
rH(F ) =
1
h
N∑
i=1
hCi rHCi (FCi)
dH(F ) =
N∑
i=1
(dHCi (FCi) + rHCi (FCi)χ(OCi))− rH(F )χ(OX)− χ(T ).
In particular, if F is a torsion free sheaf of rank 1 with respect to H , then
for every proper subcurve D of X FD is torsion free of rank 1 with respect
to HD.
The following lemma, also due to Seshadri, describes the stalk of a torsion
free sheaf on X at the points Pi.
Lemma 2.3. Let F be a pure dimension one sheaf on X. If Pi is an ordinary
double point lying in two irreducible components C1i and C
2
i , then
FPi ≃ O
a1
X,Pi
⊕Oa2
C1i ,Pi
⊕Oa3
C2i ,Pi
where a1, a2, a3 are the integer numbers determined by:
a1 + a2 = rk(FPi ⊗
OX,Pi
OC1i ,Pi)
a1 + a3 = rk(FPi ⊗
OX,Pi
OC2i ,Pi)
a1 + a2 + a3 = rk(FPi ⊗ κ)
Proof. See [Ses], Huitieˆme Partie, Prop. 3.
According to the general theory, for every semistable sheaf F with respect
to H there is a Jordan-Ho¨lder filtration
0 = F0 ⊂ F1 ⊂ . . . ⊂ Fn = F
with stable quotients Fi/Fi−1 and µH(Fi/Fi−1) = µH(F ) for i = 1, . . . , n.
This filtration need not be unique, but the graded object Gr(F ) =
⊕
iFi/Fi−1
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does not depend on the choice of the Jordan-Ho¨lder filtration. Two semistable
sheaves F and F ′ on X are said to be S-equivalent if Gr(F ) ≃ Gr(F ′). Note
that two stable sheaves are S-equivalent only if they are isomorphic.
In the relative case, given a scheme S of finite type over κ, a projective
morphism of schemes f : X → S whose geometric fibers are curves and a
relative polarization H , we define the relative rank and degree of a coherent
sheaf F on X , flat over S, as its rank and degree on fibers, and we say that F
is relatively pure of dimension one (resp. stable, resp. semistable) if it is flat
over S and if its restriction to every geometric fiber of f is pure of dimension
one (resp. stable, resp. semistable).
Let Jacd(X/S)
s
(resp. Jac
d
(X/S)
s
) be the functor which to any S-
scheme T associates the set of equivalence classes of stable invertible (resp.
relatively torsion free rank 1) sheaves on XT = X ×
S
T with relative degree
d. Two such sheaves F and F ′ are said to be equivalent if F ′ ≃ F ⊗ f ∗TN ,
where N is a line bundle on T and fT : XT → T is the natural projection.
Similarly, we define the functor Jacd(X/S) (resp. Jac
d
(X/S)) of semistable
invertible (resp. relatively torsion free rank 1) sheaves.
As a particular case of the Simpson’s work [S], there exists a projective
scheme Jac
d
(X/S) → S which coarsely represents the functor Jac
d
(X/S).
Rational points of Jac
d
(X/S) correspond to S-equivalence classes of semistable
torsion free sheaves of rank 1 and degree d on a fiber Xs (s ∈ S). Moreover,
Jacd(X/S) is coarsely represented by a subscheme Jacd(X/S) and there are
open subschemes Jacd(X/S)s and Jac
d
(X/S)s which represent the other two
funtors.
Definition 2.1. The Simpson Jacobian ofX is Jacd(X)s = Jac
d(X/ Specκ)s.
We denote Jac
d
(X) = Jac
d
(X/ Specκ) and Jac
d
(X)s = Jac
d
(X/ Specκ)s.
When X is an integral curve every torsion free rank 1 sheaf is stable,
and then Jacd(X) = Jacd(X)s is equal to the Picard scheme Pic
d(X) and
Jac
d
(X) = Jac
d
(X)s coincides with the Altman-Kleiman’s compactification
[AK].
Definition 2.2. A generalized tree-like curve is a projective, reduced and
connected curve X = C1 ∪ . . . ∪ CN over κ such that the intersection points,
P1, . . . , Pk, of its irreducible components are disconnecting ordinary double
points.
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Henceforth we shall assume that X is a generalized tree-like curve, and
then k = N − 1.
Lemma 2.4. It is possible to order the irreducible components C1, . . . , CN
of the curve X, so that for every i ≤ N −1 all but one of the connected com-
ponents of X−Ci consists entirely of irreducible components with subindices
smaller than i. Then there are irreducible components, say Ci1 , . . . , Cik , with
all subindices smaller than i, such that Xi = Ci ∪Ci1 ∪ . . .∪Cik is connected
and intersects its complement X i in X in just one point Pi.
Proof. Teixidor proves this lemma in ([T], Lem. 1) when X is a tree-like
curve, that is, its irreducible components are smooth, but her proof is valid
for our curve.
3 The Description
Let us suppose from now on that an ordering of the components of X as in
lemma 2.4, has been fixed.
Notation: If g = g(X) denote the arithmetic genus of X , that is, the
dimension of H1(X,OX), for any torsion free rank 1 sheaf F en X of degree
d, let b be the residue class of d− g modulo h so that
d− g = ht+ b.
For every proper subcurve D of X , we shall write
kD =
hD(b+ 1)
h
.
Lemma 2.4 allows us to define inductively integer numbers dXi as follows:
dXi = −χ(OXi) + hXit+ [kXi ] + 1− d
X
i1
− . . .− dXik , for i = 1, . . . , N − 1
dXN = d− d
X
1 − . . .− d
X
N−1. (1)
We are now going to modify the above numbers to obtain new numbers di
associated with X . This is accomplished by a recurrent algorithm. In order
to describe it we start by saying that a connected subcurve D = Cj1∪. . .∪Cjr ,
r ≥ 1, of X ordered according to lemma 2.4 is final either when the numbers
kDjt are not integers for t = 1, . . . , r − 1 or D is irreducible.
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If D is a final curve, we define djt as follows:
1. if r > 1, djt = d
D
jt
for t = 1, . . . , r.
2. if r = 1, dj1 = hCj1 t+ [kCj1 ]− χ(OCj1 ).
Algorithm: If the curve X is final, di = d
X
i for all i. Otherwise, let i be the
first index for which kXi ∈ Z. We consider the two connected components,
Y = Xi and Y = Xi, of X − Pi and we reorder them according with lemma
2.4. This induces a new ordering P Yr (resp. P
Y
s ) of the points Pj (j 6= i) in
Y (resp. Y ). Then,
a) If Y (resp. Y ) is a final curve, the process finishes for Y (resp. Y ).
b) If Y is not final, we take the first index r of Y for which kYr ∈ Z,
consider the connected components, Z and Z, of Y − P Yr and reorder them
according with lemma 2.4. If Z and Z are final, the process finishes for Y .
Otherwise, we iterate the above argument for those components that are not
final and so on. The process finishes for Y when all subcurves that we find
are final.
c) If Y is not final, we take the first index s of Y such that kY s ∈ Z,
consider the connected components, W and W , of Y −P Ys and reorder them
according with lemma 2.4. If W and W are final, the process finishes for Y .
Otherwise, we repeat the above argument for those components that are not
final and so on. The process finishes for Y when all subcurves that we obtain
are final.
The algorithm for X finishes when it finishes for both Y and Y . 
We can now state the theorem that determines the structure of the Simp-
son Jacobian of X and of the schemes Jac
d
(X)s and Jac
d
(X).
Theorem 3.1. Let X = C1 ∪ . . . ∪ CN , N ≥ 2, be a generalized tree-like
curve.
a) If kXi is not an integer for every i ≤ N − 1, then
Jacd(X)s =
N∏
i=1
Picd
X
i (Ci) and
Jacd(X)s ⊆ Jac
d
(X)s = Jac
d
(X) ≃
N∏
i=1
Jac
dXi (Ci)
where dXi are the above integers.
b) If kXi is an integer for some i ≤ N − 1, then
Jacd(X)s = Jac
d
(X)s = ∅ and
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Jac
d
(X) ≃
N∏
i=1
Jac
di
(Ci)
where di are the integers constructed with the above algorithm.
In order to prove that the Simpson Jacobian of X is not empty only when
kXi /∈ Z for all i ≤ N − 1, we need the next two lemmas that characterize
stable invertible sheaves on X .
Lemma 3.1. Let L be a line bundle on X of degree d. If L is stable, then
kXi is not an integer for every i ≤ N−1 and L is obtained by gluing invertible
sheaves Li on Ci of degrees d
X
i , i = 1, . . . , N .
Proof. Let us consider the subsheaves LXi of L, i = 1, . . . , N − 1, Xi being
the subcurves of X given by lemma 2.4. By the stability of L, we get
hXid− hdXi <
(≤)
hχ(OXi)− hXiχ(OX) for i = 1, . . . , N − 1 (2)
Considering the subsheaves LXi of L, i = 1, . . . , N − 1, yields
hXid− hdXi <(≤)
hχ(OXi)− hXiχ(OX) for i = 1, . . . , N − 1 (3)
Since X = Xi ∪ X i and Xi, Xi meet only at Pi, we have d = dXi + dXi ,
h = hXi + hXi and χ(OX) = χ(OXi) + χ(OXi)− 1. Then, (2) and (3) give
hXid+ hXiχ(OX)− hχ(OXi) <
(≤)
hdXi <
(≤)
hXid+ hXiχ(OX)− hχ(OXi) + h
(4)
We have rHXi (LXi) = 1 so that dXi = dHXi (LXi) is an integer. Then, if
kXi ∈ Z for some i ≤ N − 1, (4) becomes a contradiction. Thus kXi /∈ Z for
all i ≤ N − 1 and there is only one possibility for dXi , namely
dXi = −χ(OXi) + hXit + [kXi] + 1, for i = 1, . . . , N − 1.
From dXi = dCi + dCi1 + . . .+ dCik and the exact sequence
0→ L→ LC1 ⊕ . . .⊕ LCN → ⊕
N−1
i=1 κ(Pi)→ 0
we deduce that dCi = d
X
i for all i and the proof is complete.
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The following lemma, which is similar to lemma 2 of Teixidor [T], proves
the converse of lemma 3.1.
Lemma 3.2. Let L be an invertible sheaf of degree d = g + ht + b obtained
by gluing line bundles Li on Ci of degrees d
X
i , i = 1, . . . , N . Suppose that kXi
is not integer for every i ≤ N − 1 and let D = Ca(1) ∪ . . . ∪ Ca(t) be a proper
subcurve of X. Then,
1. The following inequality holds:
−χ(OD) + hDt+ kD < dD < −χ(OD) + hDt+ kD + α
where α is the number of intersection points of D and its complement D in
X.
2. L is stable.
Proof. 1. If D is a connected subcurve of X , let us denote by Ci(k), k =
1, . . . , α, (resp. Cj(k)) the component of D (resp. D) which contains the
point Pk (it is possible to have Ci(k) = Ci(k′) for k 6= k
′).
Suppose first that i(k) > j(k) for k = 1, . . . , α. Then, the subcurve Xj(k)
of lemma 2.4 is the connected component of X − Pk which contains Cj(k).
Let us see that D =
⊔α
k=1Xj(k). Since the inclusion D ⊆
⋃α
k=1Xj(k) is
clear we have only to prove that
⊔α
k=1Xj(k) contains no component of D
and that Xj(k) ∩ Xj(k′) = ∅ if k 6= k
′ . If Ci(k′) ⊆ Xj(k) for some k
′, then
Cj(k′) ⊆ Xj(k) and j(k
′) < i(k′) < j(k) < i(k). Hence,
X − Pk − Pk′ = (Z
1
k ⊔ Z
2
k) ⊔Xj(k)
where we denote by Z1k (resp. Z
2
k) the connected component of Xj(k) − Pk′
that contains Ci(k′) (resp. Cj(k′)). Analogously, Cj(k), Ci(k) are contained in
Xj(k′) and
X − Pk′ − Pk = Xj(k′) ⊔ (Z
1
k′ ⊔ Z
2
k′)
where Z1k′ (resp. Z
2
k′) is the connected component of Xj(k′) − Pk containing
Ci(k) (resp. Cj(k)). We deduce that Xj(k′) = Z
2
k , Xj(k) = Z
1
k′ and Z
2
k′ = Z
1
k .
Thus, Cj(k) ⊆ Z
1
k and j(k) < i(k
′), which is absurd. Therefore, none of the
components Ci(k′) of D is in
⋃α
k=1Xj(k) and, since Xj(k) are connected, no
other component of D is either. Moreover, a similar argument shows that
Xj(k) and Xj(k′) have no common components for k 6= k
′ .
Let now tk + 1 be the number of irreducible components in Xj(k). Then,∑
k(tk +1) is equal to N − t. On the other hand, the number of intersection
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points in
⊔
kXj(k) is
∑
k tk + s, where s is the number of intersection points
of Xj(k), k = 1, . . . , α. Since
∑
k tk+s is the number N− t−α of intersection
points in D, we get s = 0 and D =
⊔α
k=1Xj(k). Then, dD =
∑
k dXj(k) ,
hD =
∑
k hXj(k) and χ(OD) =
∑
k χ(OXj(k)).
By definition of dXi , for every k = 1, . . . , α, we have
−χ(OXj(k)) + hXj(k)t+ kXj(k) < dXj(k) < −χ(OXj(k)) + hXj(k)t+ kXj(k) + 1
(5)
Taking into account that d = dD + dD, h = hD + hD and χ(OX) = χ(OD) +
χ(OD)− α, we obtain the result in this case.
Assume now that j(1) > i(1). Then, Xi(1) is the connected component of
X−P1 which contains Ci(1). Since D is connected, Xi(1) contains D and then
Xi(1) contains Ci(k) and Cj(k) for k = 2, . . . , α. This implies that i(k) < i(1)
for k = 2, . . . , α. If we had i(k) < j(k) for some k = 2, . . . , α, then D would
be contained in Xi(k) as before and i(1) < i(k), which is absurd. Thus,
i(k) > j(k) for k = 2, . . . , α. In this situation, one has that Xi(1) = D ∪ Z,
where Z =
⋃α
k=2Xj(k) and D intersects Z in α− 1 points.
Thus, we have relations (5) for k = 2, . . . , α and, arguing as in the former
case, we obtain
−χ(OZ) + hZt + kZ < dZ < −χ(OZ) + hZt + kZ + (α− 1) (6)
By definition of dXi , one has
−χ(OXi(1)) + hXi(1)t + kXi(1) < dXi(1) < −χ(OXi(1)) + hXi(1)t + kXi(1) + 1
which together with (6) proves the statement.
If the subcurve D is not connected, the inequality holds for every con-
nected component and then it is easy to deduce it for D.
2. By lemma 2.2, it is enough to show that µH(L
D) < d for every proper
subcurve D of X . Since
µH(L
D) =
hd− hdD + hDχ(OX)− hχ(OD)
h− hD
,
the result follows from 1.
Proof of Theorem 3.1. By lemmas 3.1 and 3.2, Jacd(X)s is not empty only
if kXi is not integer for every i ≤ N − 1, and in this case it is equal to∏N
i=1 Pic
dXi (Ci).
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We prove now the remaining statements of the theorem. If L is a strictly
semistable line bundle on X of degree d then, hdXi is equal to one of the
two extremal values of the inequality (4). In particular, kXi is an integer for
some i ≤ N − 1.
Let i be the first index such that kXi is integer. Then, there are two
possibilities for dXi :
a) dXi = −χ(OXi) + hXit+ kXi
b) dXi = −χ(OXi) + hXit + kXi + 1
Let us construct a Jordan-Ho¨lder filtration for L in both cases. Since case
a) and case b) are the same but with the roles of Xi and Xi intertwined, we
give the construction in the case a).
We have that µH(LXi) = µH(L
Xi) = µH(L). Then, LXi and L
Xi ≃
LXi(−Pi) are semistable with respect to H and, by lemma 2.1, they are
semistable with respect to HXi and HXi respectively.
For simplicity, we shall write Y = Xi = Ci0∪Ci1∪. . .∪Cik with i1, . . . , ik <
i0 = i and Z = Xi, which are again generalized tree-like curves.
Let us see when the sheaves LY and LZ(−Pi) are stable. We can fix an
ordering for Y as in lemma 2.4, so that Y = Cσ(i0)∪ . . .∪Cσ(ik) and we obtain
subcurves Yr of Y for r = σ(i0), . . . , σ(ik−1).
Claim 1. The sheaf LY is stable if and only if kYr is not an integer for
r = σ(i0), . . . , σ(ik−1).
Proof. Since the residue class of dY −g(Y ) modulo hY is bY = kY −1, the
numbers
hYr (bY +1)
hY
= kYr are not integers for r = σ(i0), . . . , σ(ik−1). Then,
from lemma 3.2, we have only to prove that LY is in
∏
r Pic
dYr (Cr), where d
Y
r
are the integer numbers defined as dXi but with the new ordering of Y and r
runs through the irreducible components of Y . This is equivalent to proving
that
dYr = −χ(OYr) + hYrt + [kYr ] + 1 for r = σ(i0), . . . , σ(ik−1).
Actually, since L is semistable and Yr is a proper subcurve of X , arguing as
in lemma 3.2, we obtain
−χ(OYr) + hYrt + kYr ≤ dYr ≤ −χ(OYr) + hYrt+ kYr + α (7)
where α is the number of intersection points of Yr and its complement in
X . We have that α ≤ 2 and dYr is not equal to the extremal values of (7)
because kYr /∈ Z. Moreover, if it were
dYr = −χ(OYr) + hYrt + [kYr ] + 2,
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since dY = dYr + dYrY , hY = hYr + hYrY and χ(OY ) = χ(OYr) + χ(OYrY )− 1,
Yr
Y
being the complement of Yr in Y , then
d
Yr
Y = −χ(O
Yr
Y ) + h
Yr
Y t+ [k
Yr
Y ]
which contradicts the semistability of L. Thus,
dYr = −χ(OYr) + hYrt+ [kYr ] + 1
and the proof of the claim 1 is complete.
On the other hand, the irreducible components of Z are ordered according
the instructions in lemma 2.4 and the subcurves Zs, where s runs through
the irreducible components of Z and s ≤ N − 1, are equal to either Xs or
Xs − Y .
Claim 2. The sheaf LZ(−Pi) is stable if and only if kXs is not an integer
for every s > i.
Proof. Since the residue class of dZ − 1− g(Z) modulo hZ is bZ = kZ − 1
and kY ∈ Z , by the hypothesis, the numbers
hZs(bZ+1)
hZ
are not integers for
s > i and, by the choice of i, they aren’t for s < i either. Then, by lemma
3.2, it is enough to prove that
dHZs (LZ(−Pi)|Zs) = −χ(OZs) + hZst + [kZs] + 1 for s ≤ N − 1.
Since L is semistable, we have that
dXs = −χ(OXs) + hXst+ [kXs ] + 1.
Moreover, if Zs = Xs then, dHZs (LZ(−Pi)|Zs) = dXs and if Zs = Xs − Y
then, dHZs (LZ(−Pi)|Zs) = dXs−dY −1. We obtain the desired result in both
cases and the proof of the claim 2 is complete.
We return now to the proof of the theorem. If kYr and kXs are not
integers for r = σ(i0), . . . , σ(ik−1) and s > i, then 0 ⊂ LZ(−Pi) ⊂ L is a
Jordan-Ho¨lder filtration for L and the S-equivalence class of L belongs to∏
r Pic
dYr (Cr)×
∏
s Pic
dXs (Cs).
On the other hand, if kYr is integer for some r = σ(i0), . . . , σ(ik−1), the
sheaf LY is strictly semistable and we have to repeat the above procedure
with LY in the place of L and the curve Y in the place of X . Similarly, if kXs
is integer for some s > i, the sheaf LZ(−Pi) is strictly semistable. Then, we
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have to repeat the above procedure for LZ(−Pi). By iterating this procedure,
we get a Jordan-Ho¨lder filtration for LY :
0 = F0 ⊂ F1 ⊂ . . . ⊂ Fm = LY
and another for LZ(−Pi):
0 = G0 ⊂ G1 ⊂ . . . ⊂ Gn = LZ(−Pi).
Therefore, a filtration for L is given by
0 = G0 ⊂ G1 ⊂ . . . ⊂ LZ(−Pi) ⊂ π
−1
Y (F1) ⊂ . . . ⊂ π
−1
Y (LY ) = L.
Thus, the S-equivalence class of L belongs to
∏N
i=1 Pic
di(Ci), where di are
the integer numbers constructed with the algorithm.
Finally, let us consider a torsion free sheaf F on X of rank 1 and degree d
which is not locally free. When F is locally free at the intersection points Pi
for all i = 1, . . . , N − 1, calculations and results are analogous to the former
ones. If F is not locally free at Pi for some i = 1, . . . , N − 1, then there is a
natural morphism
F → FY ⊕ FZ
where Y , Z are the connected components of X − Pi, that is clearly an
isomorphism outside Pi. But this is an isomorphism at Pi as well because by
lemma 2.3, FPi ≃ OC1i ,Pi ⊕OC2i ,Pi and this is precisely the stalk of FY ⊕ FZ
at Pi. We conclude that if F is strictly semistable, then kY y kZ are integers,
dY and dZ are given by
dY = −χ(OY ) + hY t+ kY , dZ = −χ(OZ) + hZt+ kZ ,
and FY and FZ are semistable as well. Then, the construction of a Jordan-
Ho¨lder filtration for F can be done as above and thus the S-equivalence class
of F belongs to
∏N
i=1 Jac
di
(Ci).
We now give three examples to illustrate this theorem.
Example 1. Let X = C1 ∪ . . . ∪ CN , N ≥ 2, be a generalized tree-like
curve with a polarization H whose degree h is a prime number. Suppose
that the irreducible components of X are ordered according with lemma 2.4.
Then, since hXi is not divisible by h, kXi =
hXi(b+1)
h
is an integer if and
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only if b = h − 1. Therefore, by theorem 3.1, we have that if b < h − 1,
Jacd(X)s =
∏N
i=1 Pic
dXi (Ci) and
Jacd(X)s $ Jac
d
(X)s = Jac
d
(X) ≃
N∏
i=1
Jac
dXi (Ci),
whereas for b = h− 1, Jacd(X)s and Jac
d
(X)s are empty and
Jac
d
(X) ≃
N∏
i=1
Jac
di
(Ci).
Moreover, in this case the number di is given by
di = hCi(t + 1)− χ(OCi) for i = 1, . . . , N.
Actually, if L is a strictly semistable line bundle of degree d on X , the first
index i such that kXi is integer is i = 1 and the connected components of
X − P1 are Y = C1 and Z = C2 ∪ . . . ∪ CN . Suppose, as in the proof of the
theorem, that
dY = −χ(OY ) + hY t + kY = hY (t + 1)− χ(OY ).
Then, LY and LZ(−P1) are semistable and LY = LC1 ∈ Pic
hC1(t+1)−χ(OC1 )(C1).
On the other hand, since kXs is integer for s = 2, . . . , N , we have to ap-
ply the procedure to the curve Z. Here, the first index s such that kXs
is integer is s = 2 and the connected components of Z − P2 are C2 and
C3 ∪ . . . ∪ CN . Proceeding exactly as in case of X , we obtain a sheaf be-
longing to PichC2 (t+1)−χ(OC2 )(C2) and another supported on C3 ∪ . . . ∪ CN .
Since kXs is integer for s = 3, . . . , N , we apply the procedure to the curve
C3∪ . . .∪CN , and so on. The iteration of this procedure will only finish when
we obtain a sheaf supported on CN that belongs to Pic
hCN (t+1)−χ(OCN )(CN).
Thus, di = hCi(t+ 1)− χ(OCi) for i = 1, . . . , N .
Example 2. We are now going to recover examples 1 and 2 of [A]. There,
the irreducible components Ci are taken to be smooth and d = g − 1. Then,
the residue class of d− g modulo h is b = h− 1 and t = −1. It follows that
kXi is integer for i = 1, . . . , N and, arguing as in our example 1, we have that
Jacg−1(X)s and Jac
g−1
(X)s are empty and
Jac
g−1
(X) ≃
N∏
i=1
Jac
hCi(t+1)−χ(OCi )(Ci) ≃
N∏
i=1
Picgi−1(Ci)
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as asserted in [A].
Example 3. Let X be the following tree-like curve
Fixing an ordering of the irreducible components of X as in lemma 2.4,
we obtain
C
3
C
4
C
2
C
1
P
3
P
2
P
1
so that X1 = C1, X2 = C2, X3 = C1 ∪ C2 ∪ C3. Assume that the first
index i such that kXi is integer is i = 3 and let us compute the numbers di,
i = 1, . . . , 4 in this case.
The connected components of X −P3 are Y = C1 ∪C2 ∪C3 and Z = C4.
Suppose L is a strictly semistable line bundle of degree d on X and that
dY = −χ(OY ) + hY t + kY
(the other case is similar). Then LY and LZ(−P3) are semistable. Moreover,
LZ(−P3) ∈ Pic
hC4 t+kC4−χ(OC4 )(C4) so that
d4 = hC4t + kC4 − χ(OC4).
We now have to fix a new ordering for Y according with lemma 2.4. We can
take, for instance, Y = Cσ(1) ∪ Cσ(2) ∪ Cσ(3) with σ(1) = 1, σ(2) = 3 and
σ(3) = 2. Then, Yσ(1) = C1 and Yσ(2) = C1∪C3. Therefore, since kYσ(1) = kX1
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and kYσ(2) = kY − kX2 are not integers, we conclude that
d1 = d
Y
σ(1) = −χ(OYσ(1)) + hYσ(1)t + [kYσ(1)] + 1 = d
X
1 ,
d3 = d
Y
σ(2) = −χ(OYσ(2)) + hYσ(2)t + [kYσ(2)] + 1− d
Y
σ(1) =
= −χ(OY ) + hY t+ kY + 1− d
X
1 − d
X
2 − 1 = d
X
3 − 1,
d2 = d
Y
σ(3) = dY − d
Y
σ(1) − d
Y
σ(2) = d
X
2 .
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